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CROSS SECTION FOR IMPACT IONIZATTION OF H(ls) ATOMS
BY H(ls) ATOMS NEAR THRESHOLD
by John W. Sheldon

Iewis Research Center

SUMMARY

Rosen's treatment of impact ionization of neutral atoms is applied to the
collision of ground-state hydrogen atoms near the ionization threshold. The
singlet interaction potential is approximated by a Morse potential and the trip-
let interaction potential is approximated by an exponential repulsive potential.
The energy-dependent ionization cross section is presented for collision energy
between threshold and twice threshold. An implication of the classical path
assumption is briefly discussed.

INTRODUCTION

Several years ago an approximate method was introduced by Rosen (ref. 1)
for the calculation of atom-atom impact ionization cross sections for collision
energies near threshold. At that time it was applied to helium-helium colli-
sions (ref. 1) and argon-argon collisions (ref. 2). The method is used herein
to compute the energy-dependent cross section for the interaction

H(1s) + H(1s) - H(1ls) + H + e (1)
near threshold.

This calculation has a similar but simpler perturbation matrix element
than those considered by Rosen; hence, much of the calculation required to ob-
tain a cross section for process (1) has already been reported (ref. 1).

The only previous calculations (ref. 3) for process (1) made use of the
Born approximation and therefore only apply at energies considerably above
threshold.

ROSEN'S APPROXIMATION

The method assumes that the two colliding atoms follow classical paths
dictated by their interaction potential, but at a time corresponding to their



distance of closest approach a perturbation is suddenly turned on. The pertur-
bation matrix element Vg; TDetween the initial state 1 and final state £

of the two-atom system decays very slowly because the incident atom has lost
most of its kinetic energy and is moving away very slowly. Obviously such con-
ditions will be met only if the kinetic energy of the incident atom is no more
than about twice the threshold value. The result of an ionization cross-section
calculation under these conditions is obtained from reference 2 as

\/2m2€ _Y 5
___1_3/ / [V (B)] 32 . (2)

where I 1is the lonization energy, ¢ = l/2(uv2) is the relative energy of col-
lision, m is the electron mass, p is the ejected electron's momentum, and
Vei(R) is the perturbation matrix element. (All symbols are defined in the
appendix.) The relation between the distance of closest approach R and the
impact parameter b is given by the classical expression

H-(3)

where U(R) is the interaction potential between the two atoms.

(3)

Perturbation Matrix Element
The perturbation matrix element for the interaction

H(1s) + H(1ls) » H(1s) + H + e~ (1)

*
Vs = [ Yy, dr (4)

where V is the perturbation potential, W is the product of two 1ls wave
functions and wf is the product of a ls wave function and a plane wave

is written

representing the freed electron.

The coordinate system employed in the cal-
culation is shown in figure 1. Atom A i1s con-
sidered to be incident on atom B which is at
rest, Electron 1 is initially bound to atom A;
electron 2 is initially bound to atom B. The
perturbation potential is then given by

Incident
atom path

Target atom

Figure 1. - Coordinate system.
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The initial and final wave functions are

V =
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respectively, where ¢ 1s the normalized 1s wave function given by
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where a, 1is the Bohr radius and z is the effective charge. Combining equa~-
tions (4) to (6) gives
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Taking advantage of normalization and the following integrals worked out
by Rosen (ref. 1)
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give the perturbation matrix element as

1 R
Vg =71+ Ip - I = 7 I11y

Rosen (ref. 1) made the approximation, 12 - 15 ~ 0, This implies that the
atomic separation R 1s much greater than the electron orbital radius. Using
this approximation and the evaluation of Il and 14 in reference 1 gives

8ela/x <§;>5/2<1 + Z R

c — o > o-2(2/a0)R (9)
[GEOIE

Vps(R) =

2
Substituting equation (9) into equation (2) and defining X2 = gﬁf
2 €
Xm—-I——l

2
8l = (EL) fl—.(az = unity for 1ls hydrogen)
_ 2
= 256 a_ for 1s hydrogen)

2
£(X,,a) = e (10)

and



. <} + = 3)26-4(z/ao)R
- ao - .
g = = b ab (11)
0

o = obf(Xﬁ;l)g (12)

yields

An integral table (ref. 4) was used to obtain the following evaluation of equa-
tion (10):

Xn L Xy
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Interaction Potential

In order to evaluate g +the variable of integration is changed from b
to R (ref. 1). Equation (3) can be utilized to write b db as

U(R) 1 R aU(R)
bdb:[l-é—-EET}RdR (13)

The classical collision paths of two hydrogen atoms each in a 1s elec-
tronic state can follow one_of two well-known potential energy curves corre-
sponding to the BZu and 1y (parallel and antiparallel spins) states of the

quasi-molecule (Slater, ref. 5). These potential curves are shown in figure 2
as reported by Dalgarno and Lynn (ref. 6).
Also shown in figure 2 are the convenient approximate forms of the poten-

tials used for computation of g. The SZu state is represented by an exponen=-
tial repulsive potential

UL(R) = ae~BR (14)

where o = 3.6 Rydbergs and B = 1.48 a;l. The lZg state is well-
approximated by the Morse Potential (Slater, ref. 5).

U, (R) = D[e'ZB(R'Y) - 2e‘B(R'Y)] (15)
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Figure 2. - The interaction energy of H(ls) +H(ls}: solid lines (ref. 6). Dashed lines, approx-
imate functions.

where D = 0.35 Rydberg, B = 1.08 aal, and v = 1.5 ag. When the 32u poten-
tial (eq. (14)) is used in equations (11) and (13) to compute g the result is
designated g_; when the lZg potential (eq. (15)) is used the result is desig-

nated g1-

Evaluation of 8z and g

Combination of equations (11) and (13) with equations (14) and (15) gives

(1 + R)ze'4R [ a -BR, 1 aB -B#]
gz = = -Z e t 3 Re ar (16a)
Ro3
and
B (L+ R)Z™*R). D [ -2B(R-7) _ -B(R-Y)]
g1 = B 1 - e 2e
Ro1
. gBR [e-ZB(R-y) ) e-B(R-y):l}d-R (17a)
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respectively, where z =1, a, =1 (using atomic units for the case of H(ls)),
where from equations (3), (14), and (15)

and

- L ‘/e
ROl =Y B 1n (l + , 1+ 5 )

The integration indicated in equations (16a) and (17a) may be put in the
form

g, = h(4,Ry5) - Th(e+ BRys) + 5 L k(4 + p,Ryy) (16b)
and

D 2B D B
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+ 2 Be k(4 + 2B,Ry;) - < Be "k(4 + B,Ryp) (17v)
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t
and
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2
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8 52 g3
t

where -Ei(-X) is the exponential integral tabulated by Jahnke and Emde
(ref. 7).

Tonization Cross Section

The ionization cross section o, for the interaction along a triplet po-
tential and o, for the interaction along a singlet potential are given by
equations (12), (16b), and (17b). These cross sections are presented in fig-
ure 3. Also shown in figure 3 is the cross section G which would be observed
experimentally if there were no mechanism for systematic selection of spin
states. This average cross section T is given by (ref. 8)
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CLASSICAL PATH APPROXIMATTON

|} A
/// The classical collision of
particles under the influence of
certain central potentials (those
which decrease faster than 1/r as
r -» ») follow paths for which the
angular deviation decreases as im-
5 pact parameter increases. At some

4
////// critical angle classical mechanics
is no longer valid (ref. 9), and

lonization cross section, ag
N

////// 03 there exists a maximum impact param-

P eter b,, beyond which quantum ef-

! //// fects on "particle path" must be
//// ////// considered. Rosen's approximation

e requires that the particle paths be
L~ treated classically; hence, for

this approximation to be wvalid all
inelastic transitions must occur at

I

Q , .
10 4 ) 18 2.2 distances of closest approach less
Energy, 1/2 <, Ry than R,, where R, corresponds to
Figure 3. - Cross section of H(ls) +H(1s) impact ionization, the impact parameter b,. Since

there is very little deflection of
the incident particle at the large values of impact parameter where b, occurs,
the approximetion R, = b, can be used.

The relation between R, and the collision parameters for an exponential
potential of the form

-Czr
V(r) = Cqe (19)

may be obtained from Mason, Vanderslice, and Raw (ref., 10). Their equations
(1) and (69) combine to give

c 1/2
_ g 1n (CZRC) + CZRC = 1n [Iel, é% (%;) } (20)

where k = uv/H is the wave number of the incident atom.

For the case of H(ls) - H(ls) collisions following the SZu interaction
potential (eq. (14)) R, is about 3.5 ay. The lZg interaction potential at
long range can be approximated by an exponential attractive potential (eq. (19)
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with €, = —2DeBY, Co, = B). This procedure gives a value of about 5a
for R,
c

The effective range of the interaction may be approximated by

ag
R pp = J; (21)

where R.pp < la, for e < 2I (fig. 3). Hence R; > Rgpp for the H(1s)
collisions reported herein.

CONCLUDING REMARKS

It is surprising that more work has not been done with Rosen's approxima-
tion, since it applies to the interesting thermal plasma energy regime Just
above the ionization threshold. This is an energy regime which is difficult to
investigate experimentally.

The merit of the method may be judged from a comparison made in references
1 and 2 with the experimental data of Rostagni (ref. 11) for the case of helium-
helium and argon-argon collisions. While the experiments were performed at col-
lision energies where the validity of the sudden approximation is questionable,
the theoretical and experimental cross sections agreed to within a factor of
about two.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, September 22, 1965.
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APPENDIX - SYMBOLS
distance from electron 1 to nucleus A
distance from electron 2 to nucleus A

. Z h
atomic parameter, —

8o /2mI

radius of first Bohr orbit, 0.529 A

constant in Morse potential

distance from electron 1 to nucleus B
distance from electron 2 to nucleus B
impact parameter

critical impact parameter

constants in exponential potential
dissociation energy in Morse potential
electron charge

integral defined by eq. (10)

integrals defined by egs. (16a) and (17a)

/ (1 + x)2e=sX %
X

t

Planck's constant divided by 2xn
lonization energy

Rosen's integrals evaluating eqg. (8)

v
wave number, %;

/ (1 + %)% 5% ax
%

electron mass

ejected electron momentum



interatomic distance of closest approach
critical distance of closest approach
effective range of inelastic transition

distance of closest approach corresponding to b =0 for interaction
potentials Uy(R) and US(R), respectively

radial coordinate
distance from electron 1 to electron 2
variable in integral functions h(s,t), k(s,t)
variable in integral functions h(s,t), k(s,t)
singlet hydrogen interaction potential
triplet hydrogen interaction potential
perturbation potential (eq. (5))
exponential potential
perturbation matrix element defined by eq. (4)
velocity of incident atom
dummy variable of integration
ionization parameter, % -1
effective charge
range constant in triplet potential
energy constant in triplet potential
radius of energy minimum in Morse potential (singlet potential)
collision energy, % pvz
reduced mass of colliding atoms
ionization cross section
64e4(—z— )5h5
a

O

constant —a————7~———

11
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singlet ionization cross section

triplet ionization cross section

average ionization cross section defined by eq. (18)
variables of integration representing volume
normalized hydrogen 1ls wave function

wave function for final state of colliding atoms given by product of 1s
wave function and plane wave representing ejected electron

wave function for initial state of colliding atoms given by product of
two 1ls wave functions
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